We submit recent claims of a semi-significant detection of primordial tensor perturbations in the WMAP data to a closer scrutiny. Our conclusion is in brief that no such mode is present at a detectable level once the analysis is done more carefully. These claims have their root in a brief debate in the late 1990s about the standard calculation of the scalar and tensor spectra in standard inflationary theory, where Grishchuk and collaborators claimed that their amplitudes should be roughly equal. We give a brief summary of the debate and our own reasons for why the standard calculation is correct.
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I. INTRODUCTION
Cosmic inflation has become a cornerstone of what may be called the standard model of cosmology. Apart from its role in lessening the demands on the need for finetuned initial conditions for the observable universe, the major success of the inflationary paradigm has been to explain the existence and statistical properties of the perturbations in the distributions of matter and radiation (see [1] for a gentle introduction). Inflation, in the simplest versions realized by a self-interacting scalar field, predicts a nearly scale-invariant initial power spectrum of density perturbations. The subsequent evolution of these perturbations limits the amount of information we obtain from observations of the statistical distribution of matter in the present universe. This is a pity, since inflation most probably involves physics at energies exceeding those obtainable in particle accelerators by several orders of magnitude, and can therefore give important constraints on theories that go beyond the present Standard Model of particle physics.
Fortunately, another robust prediction of inflation is that it also blows up the quantum fluctuations in the spacetime metric to observable scales and produces a spectrum of gravitational waves [1] . These remain unaffected by the subsequent cosmic evolution, and therefore provide a window to the physics of the inflationary process itself. Unfortunately, the standard prediction of single-field inflation is that the amplitudes of these waves are much lower than those of the density perturbations, and are hence much harder to observe. This standard lore has, however, been challenged, at several times and in various papers, by Grishchuk (see e.g. [2, 3] ). His claim is that the standard inflationary treatment of perturbations is wrong, and that when the calculation is done correctly what emerges are spectra of density (scalar) and gravitational wave (tensor) perturbations with roughly the same amplitude. Furthermore, in a series of recent papers [4] [5] [6] he and collaborators claim to find weak evidence for a gravitational wave signal in the WMAP 5-and 7-year data [7, 8] . If his claims are correct, a convincing detection of primordial gravitational waves may be very close, perhaps already with Planck data. They therefore merit closer scrutiny, which is what we set out to provide in the present paper.
The structure of our paper is as follows: In section II we summarize and comment on the analyses of the WMAP 5-and 7-year data found in Zhao et al. [5, 6] , before giving an outline of our strategy in section III. In section IV we present results from a full analysis of the WMAP 7-year data, taking all relevant parameters into account. This provides a background for judging the results of the more restricted analyses of Zhao et al., which we carry out improved versions of in section V. Section VI contains our comments on the theoretical aspects of the disagreement on the relation between scalar and tensor perturbations. Finally, we summarize our findings and conclude in section VII.
II. A SUMMARY OF THE ANALYSIS IN ZHAO
ET AL.
We will in the current section briefly describe the analyses performed in [5] and [6] , and the results and conclusions of those analyses, in order to motivate the analyses performed in the current paper.
Both papers contain analyses of WMAP data and forecasts for the Planck mission. Our concern in this paper is the data analysis part, and so we only present the methodology, results, and conclusions of the WMAP data analyses.
The authors first derive the likelihood function, which depends on the true C ℓ 's as well as the observed data points and noise values. They use the WMAP data points and noise values as provided at the LAMBDA web page [30] , although they approximate the noise values to be uncorrelated between different multipoles.
Using the MCMC method, the authors use the WMAP5 (in [5] ) and WMAP7 (in [6] ) data to map the likelihood functions for three parameters: A s (the amplitude of the scalar perturbations), n s (the scalar spectral index), and R. The first two of these are the standard cosmological parameters, while R is the tensor-to-scalar quadrupole ratio, which the authors use instead of the standard parameter r, the tensor-to-scalar power spectrum ratio at k = k p = 0.002 Mpc −1 . (These are roughly related by r ≈ 2R [5] .) The other cosmological parameters are fixed to their mean values from the WMAP team 5-year [9] and 7-year [10] analyses.
The authors only use the multipole ranges 2 ≤ ℓ ≤ 100 and 101 ≤ ℓ ≤ 220 in their analyses -the former for the actual analysis, and the latter in order to show that gravitational waves have little or no effect beyond ℓ ≈ 100, and that it therefore is futile to use multipoles higher than this in the search for gravitational waves. Also, they only use the TT and TE power spectra, saying that the EE and BB modes are not very informative.
For their 2 ≤ ℓ ≤ 100 analyses, the authors find the following 3-dimensional ML values: R = 0.229, n s = 1.086, A s = 1.920 × 10 (2) for the 7-year analysis. Further, when marginalising the distributions for each of the parameters, they find the following peak values and Minimum Credible Interval (MCI) (see [11] for an explanation of this interval) limits: These results contrast with those of the WMAP team, which finds no compelling evidence for gravitational waves [8] . In order to explain this discrepancy, Zhao et al. suggest (as we have mentioned) that it is wrong to use higher multipoles than ℓ = 100 in the search for gravitational waves. In addition, they point to their 101 ≤ ℓ ≤ 220 analyses, where they find the following 68.3% MCI limits for n s : n s = 0.948 +0.052 −0.061 (5-yearanalysis) and n s = 0.969 +0.083 −0.063 (7-year analysis). Comparing with the ℓ = 2 − 100 analysis, these MCI limits do not overlap (5-year) or just barely overlaps (7-year) with each other. This suggests to the authors that the assumption of a ℓ (or k)-independent spectral index is erroneous, and this assumption combined with the unwarranted use of multipoles larger than 100 is what leads the WMAP team to the wrong result. They also mention that the WMAP team uses inflationary predictions, in particular the consistency relation r = −n t /8 (where n t is the tensor spectral index), in their analyses, which makes the analysis biased from the outset.
A. Preliminary comments
We here make some short comments about the conclusions reached in the two papers by Zhao et al.
First of all, we disagree with their claim that when looking for gravitational waves, one should only include the multipoles that are affected by them. As the authors themselves have pointed out, there are degeneracies between several parameters at the low ℓ range: A s , n s , and R can be modified so that two different values of, say, R can produce almost exactly the same power spectrum at large scales. Hence, it makes sense to include as much data as we can in the likelihood analysis: Smallscale data may perhaps constrain A s or n s , which in turn gives better constraints on R, since the degeneracies may then be broken to some degree. If, when including smallscale data, we get a small value for R, it simply means that there are very few models where a large R can work together with n s and A s (and possibly other parameters) to produce a power spectrum that fits both on large and small scales.
Next, concerning the non-compatible values of n s for 2 ≤ ℓ ≤ 100 and 101 ≤ ℓ ≤ 220: There does indeed seem to be a tension between these results and the assumption of a constant spectral index. However, a 1σ signal is a hint, not a detection. Further, even if the assumption of a constant spectral index turns out to be wrong, it does not follow that this assumption is what leads to the discrepancy between their analyses and those of the WMAP team -the solution to the n s -tension could still yield a negligible R, especially considering the degeneracies mentioned above. More on this below.
Finally, we agree with the authors that the analysis of the WMAP team may be biased by the explicit use of the consistency relation in their data analysis: This relation should appear automatically if the theory of single-field inflation is correct, and not be used as a constraint in the analysis. However, we also recognise the need to reduce the number of free parameters in the likelihood analysis, which the WMAP team cites as their reason for using the consistency relation.
III. OUTLINE OF OUR STRATEGY
Our aim in this paper is both to verify the analyses performed in [5] and [6] , but also to further test the conclusions they draw from these analyses. To this end, we will utilise the MCMC method as Zhao et al. do, but our approach will differ somewhat from theirs.
Most importantly, we will be using the CosmoMC software [12] to perform the likelihood analysis. The advantages of using this rather than a self-made sampler should be obvious: It is well-tested, and bugs and errors are less likely to occur. The additional advantage is that this software is well integrated with the WMAP likelihood software, so that there is no need for e.g. making approximations to the noise values as Zhao et al. do. All power spectrum modes can be incorporated without extra effort as well. Also, it allows for simulation of the lensing effect on the power spectra, and we use this feature throughout our analyses.
To start off, in section IV, we first do a full analysis of the WMAP7 data for 2 ≤ ℓ ≤ ℓ max , where ℓ max is the highest multipole for which there are data, and all power spectrum modes. In this analysis we use the constraint n s = n t − 1 instead of the consistency relation, following [4] [5] [6] where this constraint was imposed for theoretical reasons. This gives an indication of what the WMAP data would give when the consistency relation is not enforced.
We analyse the low ℓ WMAP data in section V. First, in section V A, we repeat the analyses performed by Zhao et al. in order to see if the use of the exact noise values and CosmoMC software has any impact on the results. We choose to vary the optical depth to reionization, τ , in addition to the three parameters mentioned above, since this parameter can be expected to share some degeneracy with the three others. We suggest a way to obtain more appropriate best-fit values at which to fix the parameters we do not vary, and repeat the analyses using these bestfit values.
Taking our low-ℓ analysis a step further, in section V B we aim to test the claim made by Zhao et al. that the assumption of a constant n s is what leads the WMAP team to overlook the gravitational wave contribution to the CMB. To do this, we introduce a 'step-like' spectral index with a jump at ℓ = 100, and do analyses for the range ℓ = 2 − 220.
IV. FULL ANALYSIS OF ALL WMAP7 DATA, WITH ALL RELEVANT PARAMETERS
In this section, we do an initial full analysis of the WMAP 7-year data. We use, as already mentioned, the CosmoMC sampler to find the likelihood function for a 7-dimensional parameter space, consisting of the parameters Ω b h 2 , Ω DM h 2 , τ , n s , log(10 10 A s ), θ, and R. All these parameters are standard CosmoMC parameters (Ω b h 2 is the physical baryon density, Ω DM h 2 is the physical density of cold dark matter), except R, with θ being the ratio of the sound horizon to the angular diameter distance, which is being used instead of the Hubble parameter because it is less correlated with other parameters. We modify CosmoMC to use R instead of r. As also mentioned before, we use the relation n t = n s − 1 instead of the inflationary consistency relation. Following Zhao et al. and the WMAP team, we use k p = 0.002 Mpc −1 as the pivot wavenumber.
This choice of parameters implies certain assumptions -namely, a flat Universe, dark energy with the equation of state w = −1, massless neutrinos, and no running of the spectral index.
We do not use a fixed number of samples; since we do 8 chains simultaneously, we use the CosmoMC feature to check for convergence of confidence limits: By computing the variance between chains of 2.5 per cent of the distribution tails, the error must be smaller than 0.2 in units of the distribution's standard deviation. This means that we can be sure that the sample confidence limits are not too far away from the true confidence limits.
We use the four power spectrum modes T T , T E, EE, and BB, and we do the analysis for the range 2 ≤ ℓ ≤ ℓ max , where ℓ max is 1200 for the T T mode, 800 for the T E mode, and 23 for the EE and BB modes.
A. Results
The results of the analysis described above are shown in table I. Both full-dimensional ML values and onedimensional peaks and MCI limits are shown.
B. Discussion
We have performed a full-scale likelihood analysis of the WMAP 7-year data, not using the consistency relation, in accord with the complaints voiced by Zhao et al. Despite this, there is little reason to claim any detection of gravitational waves in the CMB, as the R = 0 hypothesis is well within confidence bounds. This means that the only explanation left, as offered by Zhao et al., to explain the discrepancy between their results and those of the WMAP team must be the (erronously?) assumed constancy of the spectral index for all ℓ's. We will test this explanation presently, but first we will repeat their analyses of the low ℓ WMAP data.
V. LOW-ℓ ANALYSIS
We will now focus on the large-scale WMAP data, as the central claims of Zhao et al. pertains to these scales. First, we repeat the work of Zhao et al. in section V A before we move on to testing the authors' claim concerning the non-constancy of the spectral index in section V B.
We will need to limit the number of free parameters to use in this section, as we will only be using multipoles up to ℓ = 220, and this data range contains too little information to be able to constrain all parameters at once. Which parameters we vary will be specified below. We will, however, never use the Hubble parameter, instead using θ. This then differs from the approach of Zhao et al.
The parameters we do not vary must be given a certain value. As mentioned above, Zhao et al. have chosen to use the mean value of the marginalised one-dimensional distributions for each parameter from the WMAP standard analysis. We find two problems with this approach: First, the WMAP standard analysis excluded gravitational waves, making the best-fit parameters obtained less valid when we want to include gravitational waves in our analyses. Second, we think that the mean values are not the best values to use. The one-dimensional peak values would be better, as these represent the most probable value of each parameter given the data we have (of course, for Gaussian distributions, the mean and peak values coincide). In our opinion it is better to choose the parameter values corresponding to the peak of the full, multi-dimensional likelihood function: These taken together are the closest to what one may call the Standard Model.
In order to remedy these issues, we here do the following: We do an initial analysis of most available data: WMAP 7-year data (2 ≤ ℓ ≤ ℓ max ), matter power spec- TABLE II: ML points and marginalised one-dimensional peaks and MCI limits for a likelihood analysis for seven parameters, taking into account CMB, power spectrum, and supernova data, in addition to various prior constraints on some parameters, described in the text. MCI limits are given with both 68% and 95% confidence.
trum data (SDSS, fourth data release [13] ), supernova observations (SDSS, ESSENCE [14] , SNLS [15] , HST [16] and various low-redshift supernova observations), Lyman-alpha data (SDSS), and priors on the age of the Universe, the Hubble parameter (from the HST), and Ω b (from BBN). We let vary the same parameters as in section IV, but use r instead of R. We do this as R is harder to implement for non-CMB data, since it is just the ratio of the tensor contribution to the CMB quadrupole to the scalar contribution, while r is more 'fundamental', as it describes the tensor/scalar ratio of the primordial power spectra. We do keep using the relation n t = n s − 1. We then take the full-dimensional ML values from this analysis and use these as best-fit values for the rest of the analyses (though we will also use the best-fit values used by Zhao et al., see below).
The results of this analysis are shown in table II. We will from here on carry out two versions of the analysis: One using the ML values found in table II, and one using the best-fit values used by Zhao et al., in order to examine whether using different best-fit values makes a large difference in the results. When using the best-fit values from Zhao et al., we use the 5-year values for the 5-year analysis, and 7-year values for the 7-year analysis. We will, as mentioned, not use the Hubble parameter, so in this we do not follow Zhao et al. The value for θ will always be the ML value from table II.
A. Analysis with CosmoMC
In this section, we repeat the low-ℓ analyses in [5] and [6] with certain elaborations and modifications, which we here specify:
As before, we use CosmoMC with the WMAP likelihood software, and include all power spectrum modes in the analysis. We do analyses for both 5-year and 7-year WMAP data in order to compare with both papers by Zhao et al. We include τ as a parameter to be var-ied, though we do analyses where we vary only the three original parameters as well. We do all analyses over three ranges: 2 ≤ ℓ ≤ 100, 101 ≤ ℓ ≤ 220, and 2 ≤ ℓ ≤ 220. (The ℓ = 101 − 220 contained too little information to constrain four parameters at once, so we did not include τ in the analyses for this range.) We do an additional run where we fix R to be its full-dimensional ML value from the ℓ = 2 − 100 analysis where τ is not varied. This run is done for later comparison.
Results
The results of the above analyses are shown in tables III (for the revised best-fit values) and IV (for the best-fit values used by Zhao et al. ) We have assigned to each run a number for easier referral.
Discussion
From tables III and IV, we note the following features of our analyses: The values for R are consistently lower than those found in the analyses of Zhao et al., and the one-dimensional distributions of n s for runs 1 and 2 overlap within a 1σ interval. This seems to hold no matter which best-fit values we use (though with the best-fit values used by Zhao et al. we find a slightly higher R than with the best-fit values derived here), which indicates that the difference in results from the analysis of Zhao et al. most likely is due to use of the WMAP likelihood software with exact noise values (The use of the EE and BB modes should have less of an impact due to the high noise in these modes).
The inclusion of τ actually seems to raise the values for R slightly, and we see what Zhao et al. also reported: R has higher values in the 7-year analyses than in the 5-year ones (mostly). Also, in some cases, we do find lower limits for R. However, these are very small, and we only have a 1σ lower limit, so it is hard to draw any conclusions from these results.
The fact that the distributions for n s overlap within 1σ between runs 1 and 2 weakens the claim that the spectral index really is dependent on ℓ. Even though the overlap is slight, we must again be reminded that a 1σ detection is very weak, statistically speaking. Nevertheless, in the next section we will try to put the claims about n s made by Zhao et al. to the test.
B. Testing the hypothesis of an ℓ-dependent ns
In this section, we wish to test, on a very basic level, whether introducing an ℓ-dependent spectral index gives better fit to data, and whether it may yield a high value for R over a larger multipole range than ℓ = 2 − 100.
In order to accomplish this, we implement a 'step-like' spectral index: The spectral index is allowed two values -n ℓ<100 s below ℓ = 100 and n ℓ>100 s above this multipole. This is not implemented directly -rather, ℓ = 100 is translated into k-space through the relation [17] ℓ ≈ kd a , where
is the angular diameter distance, and Ω m = Ω DM + Ω b is the density parameter of dust. We choose to work in kspace both because it is easier to implement, and because it makes slightly more sense physically. However, we emphasise that there is no physical justification for such a spectral index -we are just attempting to test a claim which will eventually need some physical justification if found to be probable.
We still use the relation n t = n s − 1, so that both the scalar and tensor spectral indices attain this step-like behaviour.
Another, more straightforward way to implement an ℓ-dependence would be to use a simple running of the spectral index. However, we have chosen not to do this because this case is discussed in Zhao et al. and claimed to be unwarranted. Also, the method outlined above is a more direct test of the claims of Zhao et al.
What do we expect from analyses involving such a spectral index, if the claims of Zhao et al. are true? First of all, we would expect that n ℓ<100 s and n ℓ>100 s converge to the values found in runs 1 (or 5) and 2 in the previous analysis, respectively, if we do a run over the range ℓ = 2 − 220. Further, we would expect that the values of R found over such a multipole range would be greater than those values found in runs 3 and 6 in the previous analysis. Finally, since we are effectively introducing a new parameter, we would expect a significantly better fit to data -that is, the likelihood values for the ML model of this analysis should be well above the likelihood values of the ML models of runs 3 and 6 in the previous analysis.
We will vary the same parameters as in the previous analysis, both with and without τ . In addition, we will do runs where we fix R (to see if this makes n ℓ<100 s and n ℓ>100 s converge better to their expected values), and runs where we fix n ℓ<100 s and n ℓ>100 s (to see if R converges better to its expected value). When fixing R and n ℓ<100 s , we fix them to their full-dimensional ML value found in run 1, and when fixing n ℓ>100 s , we fix it to its full-dimensional ML value found in run 2.
We will also do a full analysis, similar to the one in section IV, the only difference being the use of the steplike spectral index. We only do this analysis for the 7-year data, since the analysis in section IV was only carried out for this data set.
The data used are again the WMAP 5-year and 7-year T T, T E, EE, and BB data, and again we do all runs twice, once for each set of best-fit parameters. TABLE III: The unmarginalised ML points and one-dimensional peaks and MCI limits resulting from a likelihood analysis using both 5-year and 7-year W M AP data for various ℓ ranges, and with various parameters. The best-fit values for the fixed parameters are the full-dimensional ML values taken from table I. MCI limits are given with both 68% and 95% confidence.
Results
The results of our analyses are shown in tables V (our best-fit values) and VI (the best-fit values of Zhao et al. 
Discussion
From tables V and VI, we see that at least two of our expectations have not been met, or only partially: We find no higher values for R when using a step-like spectral index than when we assume the spectral index to be constant, and under no circumstances does the value of R reach the value it gets in runs 1 and 5 from the previous analysis, or anything near it. Further, even though n ℓ<100 s and n ℓ>100 s behave somewhat as expected, in that n ℓ<100 s > n ℓ>100 s (so that the spectrum is bluer for ℓ < 100 than for ℓ > 100), their distributions lie closer than the distributions for n s from runs 1 and 2 (compare run 8 with runs 1 and 2).
Comparing the likelihood values of the ML models, we see from tables VIII and IX that our third expectation has not been met either: Including a step-like spectral index only marginally raises the maximum likelihood, which suggests that allowing for an ℓ-dependency in the spectral index serves little purpose, as it means introducing a new parameter which does nothing to improve the fit of our model to the data.
C. Data analysis conclusions
Our analysis seems to suggest that the claims concerning an ℓ-dependent spectral index made in [5] and [6] does not hold up under closer scrutiny. It seems there is neither any reason to abandon the assumption of a constant spectral index, since the distributions do overlap for two different ℓ ranges and since splitting up the spectral index as above gives no better fit to data, nor that this assumption leads to a negligence of signs of gravitational waves in the CMB.
We saw that in some of the 2 ≤ ℓ ≤ 100 runs, we found a lower limit on R. However, we noted that this lower limit was almost zero, and that it was just a 1σ lower limit anyway. Our analysis gave lower R values than the analysis in the papers by Zhao et al., which probably is mostly due to our use of the exact likelihood functions from WMAP in contrast to the approximations made in those papers.
As we mentioned in our comments on the papers by Zhao et al., we do not agree that searches for gravitational waves should be limited to a smaller set of data. As long as our cosmological parametrisation is reasonable, the Bayesian framework will automatically ensure that any signs of gravitational waves will be detected. TABLE V: Unmarginalised ML points and one-dimensional peaks and MCI limits resulting from a likelihood analysis with an ℓ-dependent ns, using the best-fit values derived in this paper. Results from the 5-year and 7-year analyses are shown, and all runs were over the range ℓ = 2 − 220. MCI limits are given with both 68% and 95% confidence.
The analysis performed in this paper brings us one step closer to saying that our parametrisation indeed is reasonable.
In any case, we have seen that the only indications of deviations from the standard analyses are very weak, only on the level of one confidence interval, and any claims made based on such weak detections become little more than speculation. As mentioned in the papers by Zhao et al., ongoing experiments such as Planck [18] and QUIET [19] , among others, should make us much better suited to answer such questions as those addressed in this paper.
VI. THEORETICAL CONSIDERATIONS
It seems plausible that at least some of the motivation for the papers [5] and [6] comes from the work of Grishchuk on relic gravitational waves. He discovered that in any accelerating universe, existing gravitational waves will be amplified as long as their wavelengths are long enough [20] . It is also notable that Grishchuk, since the mid-90s, has been a voiced opponent of the inflationary paradigm, which also may have been a motivation for the data analyses described above.
In [3] , density perturbations are evolved through three stages: an initial, possibly inflationary stage, a radiation dominated stage, and a matter dominated stage. The amplitude of the density perturbations are then compared to the amplitude of the gravitational waves in the matter dominated stage (which were derived in an earlier paper, see [21] ), and Grishchuk finds that the density perturbations do not dominate; instead, the gravitational waves are the dominant contribution to the CMB. This is contrary to the predictions of the standard derivation, in which density perturbations dominate. In addition to the above papers, Grishchuk authored [22] and [23] , in which he presented other arguments against the inflationary paradigm.
The above papers were criticized in [24] , to which Grishchuk responded with [25] . The argument was ended with [26] , though it seems to us to be a bit unclear as to what the final conclusions were. After these papers, Grishchuk turned to the question of initial conditions in [27] , the derivation in which again gave a different result than the standard one. This treatment was criticized in [29] .
Overall, there seems to be little agreement on who, exactly, are correct in their treatment. We will therefore go through some points of disagreement and try to offer our own thoughts on them.
A. The continuity of µ Working in the synchronous gauge with the metric
where n is the wavenumber, h is the scalar perturbation, and h l is the longitudinal-longitudinal perturbation (so that Q becomes the amplitude of the perturbations), Grishchuk aims to find solutions for h and h l , along with general variables that appear in the Einstein equations, for all the three stages described above. For these stages, the scale factor may be written as
where the value of β depends on which stage we are considering, and η is conformal time.
In addition, Grishchuk defines certain auxilliary variables:
where overdots signifies derivatives with respect to conformal time. γ then becomes a 'smallness parameter' during inflation. He then goes on to solve the Einstein equations for all variables in each of the three stages. It turns out that all variables can be expressed in terms of h and h l for a given stage. It is therefore sufficient to find solutions for these variables.
At the initial (possibly inflationary) stage driven by a scalar field, so that φ 0 is the homogeneous part and the total field is written as
all variables are expressible through h, and so, Grishchuk needs only find a solution for this variable. To this end, he introduces the variable µ, defined through
where u =ḣ + αγh. During the initial phase, µ becomes
where J denotes the spherical Bessel functions, β is the variable introduced in eq. (7), and A 1 and A 2 are constants to be determined by the initial conditions . It can be shown that h can then be written as
where C i is a constant that arises because of the degrees of freedom that remain in the synchronous gauge, and will be fixed by a choice of coordinate system. Grishchuk finds similar solutions for h (and h l ) during the radiation-dominated and matter-dominated stages, with three new constants arising at each stage. Finally, he aims to join these solutions, claiming that h,ḣ, anḋ h l are continuous over the transitions, and that in addition, µ is continuous over the transition from the initial to the radiation dominated stage. Using this, he joins the three stages, and by choosing the coordinate system that moves with the matter fluid, he manages to express the unknown constants at the matter dominated stage in terms of the constants A 1 and A 2 , which are to be determined by initial conditions. He further makes some approximations which reduce µ from eq. (11) to
where Γ denotes the gamma function, and η 1 is the time of the transition between the initial stage and the radiation dominated stage. This means that all unknown constants can be related to A 1 . Using this solution, Grishchuk works out the observable consequences of it, and comparing them to the corresponding results for gravitational waves, he finds that for the CMB quadrupole, the gravitational wave contribution should actually dominate over the contribution from the density perturbations. This does not fit well with the standard picture, in which density perturbations should be the dominant contributor.
In [24] , it is pointed out that the variable µ can not be continuous across this transition, but rather, that the combination µ a √ γ is continuous. The authors then claim that assuming µ to be continuous is what leads Grishchuk to deviate from the standard result.
Then, in [25] , Grishchuk agrees that µ indeed is discontinuous over the transition, but that this was a typo in the original paper, and that he never actually used this assumption in his derivation. Finally, in [26] , the authors uphold their claim that this assumption was used.
Grishchuk never responded to this, and so it is hard to tell whether he finally agreed with Martin & Schwarz or not. One may, however, verify who is right, by looking at eq. (13) (as also pointed out by Martin and Schwarz). Here, Grishchuk approximates µ at the transition between the initial and radiation stages. However, as we have already mentioned, µ is discontinuous at the transition, which means that one must choose whether one wants to use the value of µ at the beginning of the transition, or at the end of it. Grishchuk has earlier set γ = 2, which means that he intends to be at the end of the transition when he is doing the joining. However, eq. (13) is an approximation of eq. (11), which is valid during the initial phase only. Thus, eq. (13) is the value of µ at the beginning of the transition, not the end, as it should be. This means that Grishchuk did implicitly use the assumption of a continuous µ, as otherwise, eq. (13) would not be valid (since we are at the end of the transition).
Since we have
where σ is some arbitrarily small time interval so that η 1 − σ is the beginning of the transition while η 1 + σ is the end of the transition, we find that the value of µ at the end of the transition, which is what we are really after in eq. (13), should be
where 2 is the value of γ at the radiation stage, while γ i is its value at the initial stage (typically very small). Thus, eq. (13) should really be multiplied by 2 γi . This introduces an amplifying factor which propagates through the rest of Grishchuk's derivation, again yielding the standard result.
Thus, it seems that at this point, Grishchuk's treatment does not hold up under closer scrutiny.
B. Initial conditions
Martin & Schwarz adressed some of the other complaints Grishchuk voiced about the inflationary theory, namely, the usage of the constancy of the curvature perturbation ζ (Grishchuk claims that this variable is equal to zero, and thus it is meaningless to utilize its constancy in theoretical derivations) and the large amplification of the density perturbation Ψ from the inflationary stage to the radiation dominated stage. Both these issues seems to us to be cleared up: Grishchuk seems to agree in [25] that ζ is both constant and nonzero, and, though it seems he disagrees with the exact word use, he also agrees that there is an amplification of Ψ from the inflationary stage to the radiation stage. However, even though Ψ is amplified, it does not mean that it necessarily dominates over gravitational waves -in order to say anything about which component dominates, we must look at the initial conditions.
This is exactly what Grishchuk does in [27] . In this paper, he goes through the initial conditions of the early Universe both for gravitational waves and density perturbations, and claims that the standard way of quantizing the curvature perturbation ζ is incorrect, since (as he shows) the expectation value of the normalized perturbation, calledζ, is noth/2 as it should be for a proper harmonic oscillator; it is proportional to the 'largeness factor' 1/γ i . This, Grishchuk says, is due to the fact that the quantum states that are used for quantization in the standard derivation are not ground states; they are so-called 'squeezed states'. By doing a Bogliubov transformation of these states, he ends up with new states that satisfies the ground state condition. With these initial conditions, he finds that the spectrum of ζ at horizon crossing is comparable to, not hugely amplified compared to, the spectrum of gravitational waves.
His treatment was criticized by Lukash in [29] , in which the author says that Grishchuk makes an error in the normalization ofζ, and it therefore becomes an error to demand the expectation value of this variable to be that of the ground state of an harmonic oscillator. In short, Grishchuk blamed the states, when he should have blamed the normalization of ζ.
Lukash makes some other points as well to back up his criticism, but this will do for our purposes. We do agree with Lukash that the normalization of ζ in Grishchuk's paper seems inconsistent with what he himself says: ζ is normalized in exactly the same way as h (the tensor perturbation), namely:
where M Pl is the Planck mass, and a 0 is the value of the scale factor at some initial time at which to fix the initial conditions (with γ 0 being the corresponding value of γ i . This value changes very little during inflation, so we have γ 0 ≈ γ i ). However, he also says that when moving from the treatment of gravitational waves to density perturba-tions, one should always do the replacement a → a √ γ i . This means that the normalized curvature perturbation really should contain an extra factor √ γ 0 , which gets rid of the factor 1/γ i when calculating the expectation value of theζ spectrum. Therefore it seems to us that Grishchuk's claims about the initial conditions have been rebutted by Lukash.
VII. CONCLUSIONS
In this paper, we have studied various claims concerning primordial gravitational waves: We first looked at the claims made in [5] and [6] concerning the detection of a nonzero contribution of gravitational waves in the WMAP 5-year and 7-year data, by limiting the multipole range to ℓ = 100. After first noting that limiting the multipoles thus is neither more correct (as claimed by Zhao et al.) nor optimal in these data analyses, we repeated their analyses. We found that by using CosmoMC and the official noise values instead of approximated values for the noise, the gravitational wave contribution lessened, and if lower limits for R were found, they were typically small. We also found no reason to believe their claim that it is an error to assume a constant spectral index for all multipoles, as the distributions for n s overlapped for the ℓ = 2 − 100 and ℓ = 101 − 220 analyses.
Nevertheless, we tested this claim further by implementing an ℓ-dependent spectral index, allowing n s to have two different values above and below ℓ = 100. Our findings were not what we expected them to be if the claims by Zhao et 
did not converge to their expected values, and even with such a step-like spectral index, the gravitational wave contribution did not rise to any significant level.
We did all of the above analyses twice; once where the parameters that were not varied were given the same values as by Zhao et al., which were the mean values from the WMAP analyses, and once where we used values from our own initial analysis where we allowed for gravitational waves but used the relation n t = n s − 1 in accord with the statements of Zhao et al. For both sets of analyses, the results were qualitatively the same, so the conclusions seem to be independent of which best-fit values one prefers to use.
Finally, we went through some of Grishchuk's earlier claims concerning primordial gravitational waves, as these were conceived to be at least part of the motivation behind the paper by Zhao et al. We reviewed the controversy that followed Grishchuk's claims, and offered our own thoughts on the matter. In short, it seemed to us as Grishchuk's claims were firmly rebutted and that he has not responded adequately to these rebuttals.
The search for gravitational waves in the CMB will undoubtedly continue, and satelites such as Planck will surely shed further light on this issue. Just as surely, there are bound to be surprises in the next generation of CMB data. However, based on the data we have today, the gravitational wave contribution to the CMB fits nicely with the Standard Model and the inflationary theory.
